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ABSTRACT In epithelial cells, a barrier or tight junction restricts the diffusion of lipid probes from the apical to the
basolateral side of the outer membrane bilayer. This phenomenon is studied theoretically with the diffusion equation on
planar and spherical surfaces. Two models for the tight junction are considered: a penetrable barrier embedded in a
monolayer and an impenetrable obstacle in the outer membrane of a bilayer that must be bypassed by flip-flopping
between inner and outer membranes. The rate of passing from one side of the cell to the other is calculated for each of
these models under steady state conditions. The results are compared with recent fluorescent photobleaching recovery
experiments. The theoretical interpretation indicates that it would be difficult to distinguish experimentally between the
flip-flop case and the barrier crossing case. Assuming a flip-flop model, large differences in the magnitude of the
flip-flop rates of probes are necessary to explain the experimental results as suggested by Dragsten et al. (Dragsten,
P. R., R. Blumenthal, and J. S. Handler, 1981, Nature [Lond.J, 294:718-722).
INTRODUCTION
There is considerable experimental evidence that the trans-
lational and rotational motion of probe molecules in biolog-
ical membranes (1) is diffusional in character. The transla-
tional motion of the molecules can be modeled mathemati-
cally by the diffusion equation on a surface. Aizenbud and
Gershon (2) studied the diffusion of molecules on mem-
branes of nonplanar wavy form. Sano and Tachiya (3)
modeled diffusion controlled reactions on micellar surfaces
by examining the pair survival probability of two reacting
particles on a spherical surface. Recent experimental work
(4, 5) has explored the role and nature of the tight junction
in the membrane of epithelial cells. It has been suggested
(6, 7, 8, 9, 10) that the tight junction acts as an obstacle to
the diffusion of certain membrane constituents between
the apical and basolateral surfaces of individual cells.
Kachar and Reese (5) have evidence based on direct
rapid freezing of newly formed tight junctions between rat
prostate epithelial cells that suggests that individual tight
junction strands are pairs of "inverted cylindrical micelles
sandwiched between linear fusions of the external mem-
brane leaflets of adjacent cells" (see Fig. 1 a). In the
experiments of Dragsten and co-workers (4) one side of an
epithelial monolayer of cells is labeled with a fluorescent
lipid probe and the presence or absence of the fluorescent
probe is observed on the opposite side of the monolayer.
The rate of lateral diffusion of the probe is measured on
both sides of the monolayer using the technique of fluores-
cence photobleaching recovery (FPR). Dragsten et al. (4)
find that all the lipid probes are freely mobile on both the
apical and basolateral membrane bilayers. Those that are
able to spread over the entire cell in a few minutes have
lateral diffusion coefficients (D- 10-8 cm2/s) at least
twofold greater than those that can not traverse the cell
(D -2 x 10-9 cm2/s). They also find a correlation between
probes that can flip-flop between the two sides of the
bilayer and those that can traverse the cell. The rates of
flip-flopping of the lipid probes from outer to inner mem-
brane and vice versa have not been measured by Dragsten
et al. (4) and are not known for this system.
The purpose of this work is to model this diffusion
process on a plane, and more realistically on a spherical
surface. We develop two models for the tight junction
aspect of the problem. In the first model, an impenetrable
obstacle is placed on the outer leaf of the bilayer. Probes
may only pass between the two halves of the cell by flipping
to the inner leaf and flipping out again. This model is
discussed in the following sections: Diffusion on a Planar
Bilayer and Diffusion on a Spherical Bilayer.
The second model consists of a single, divided mono-
layer. The tight junction region is then treated as either a
potential energy barrier, or as a region where the probe
molecules have a much lower diffusion coefficient. This
model is discussed in the Diffusion on a Monolayer with a
Penetrable Barrier section. We assume that the mem-
branes are a smooth surface and do not have microvilli. In
each case, we calculate an analytic expression for the
steady state rate coefficient. In the Results section we
compare the results for the two models with available
experiments.
Diffusion on a Planar Bilayer
In this section we formulate the model mathematically on a
plane using a one-dimensional diffusion equation with
appropriate boundary conditions. The concentrations of
the lipid probes in the outer membrane, Ml, and the inner
membrane, M2, are denoted cl and c2, respectively. For
simplicity, we assume the same diffusion coefficient, D, for
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the lipid probe in M1 and M2; likewise we assume the
same flip-flop rate, A, for flip-flopping of the lipid probe
from Ml to M2 and vice versa. The model is depicted
schematically in Fig. 1 b.
The tight junction or obstacle is a reflecting wall at x = 0
on M1. This makes it necessary to define the concentration
cl + on the interval x from 0 to + 1, and cl - on the interval x
from -I to 0. The same definition is introduced for c2. For
steady state conditions, the concentrations cl and c2 obey
the coupled equations
DV2ca
-_
-C2)= 0
DV2c" + X(C7 -C2) = 0 (1)
where
a = -, +, V2 =- 2-
At x = -I of M1, we have a source; cl- (x = -1) is
maintained at co. However at x = +l of MI, we have a
perfectly absorbing sink; cl + (x = + 1) is maintained at 0.
The inner membrane M2 plays its key role near x = 0; for
M2 both x = -I and x = + I are perfectly reflecting walls.
In summary, the boundary conditions are
C,- =Co at x=-I
c,+ =0 at x= +l
(2)
(3)
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FIGURE I (a) Organization of the phospholipids at a tight junction
strand proposed by Kachar and Reese (1982). (b) Planar model for tight
(5) junction in epithelial membrane bilayer: the obstacle at x = 0 separates
the two halves of the outer leaf. (c) Spherical surface model for tight
junction in epithelial membrane bilayer: the obstacle at x - cos (4/2) - 0
(6) separates the two halves of the outer leaf.
(7) In the limit of no obstacle, the distinction between c1+
and c,- is no longer necessary and the boundary condition
(8) Eqs. 6-9 may be ignored. For this limiting case, the flux Jpl
on MI at x = +lbecomes
(9)
The boundary condition, Eqs. 8 and 9, which state
continuity of the concentration and flux across M2 at x =
0, result from the absence of an obstacle on M2. In sum,
the model requires molecules to proceed from the left side
of Ml to absorption on the right side of Ml by a flip-flop
movement to M2 to avoid the obstacle on M at x = 0. The
solution of Eq. 1 with the boundary conditions in Eqs. 2-9
will yield the quantity of interest that is the flux on Ml at
x = +1. The flux, Jp,, is found to be
jpl=D Dc0(10)Opx X-+= 1 2(2+e-fl + e-77)
rey (e2'=-/e-D)
where Y2 = 2A/D.
- Dco
+(el +e-+l)
As expected both Jpo and Jpl reduce to JPmOnOlayer =-Dco/l
as y , which means rapid flip-flopping. On the other
hand, as -y -p 0, no flip-flopping, Jpo J-m. Iyerbut JPl
0 since without flip-flopping the obstacle prevents any flux
of lipid probe.
Diffusion on a Spherical Bilayer
The problem of diffusion on a spherical bilayer is very
similar to the problem addressed in the previous section
except that in Eq. 1
1 sin0a)
r2 sinO0OO (O0
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and
a=+ for 0'<0'< 2
a-- for r- 00>0>-. (12)2
The boundary conditions on the outer membrane, MI,
of the spherical cell are such that a patch near the south
pole (7r - 0O < 0 < r) is a source, at concentration of lipid
probe co, while a patch near the north pole (O <0 <0O) is a
perfectly absorbing sink; the tight junction is a reflecting
wall at the equator (see Fig. 1 c). For the inner membrane,
M2, there are reflecting walls at both north and south pole
patches. The boundary conditions are therefore identical to
those for a planar bilayer, where I is replaced by cosO0 and
generally x = cos0. For simplicity the size of the source and
sink polar patches were assumed equal and the reflecting
obstacle on M1 was located at the equator rather than
some general latitude. The solution of Eq. 1 with the
modifications of Eq. 12 (see Appendix A) include the
Legendre functions P,(x) and Q,(x), where x = cosO, and
their derivatives where
v= - ± [1 - 4y2r2]'1/2. (13)2
The flux across the tight junction is then
Js1 D1- = -2DcoPb(O)
ax x o
. {-[2r+MJU [Qo(x0)P (O) + P'(xo)J
IT+ + MI
_ ,- + M] [Qo(xo)P (O) + P (-xo)]
+ P,(-xo) - P,(xo) + 2Qo(xo)P(0) (14)
where
xo= cos 0O
+= Q (xo)P (o) - Q (O)P (xo)
G4= Q (-xo)P (O) - Q (O)P (-xo)
M= Q,(O)P (O) - P,(O)Q (O)
=+= Q,(xo)P (O) - Q,()P,(xo)
X= Q,(-xo)P (O) - Q (O)P,(-xo).
For the case of no obstacle at the equator, the flux Jsl
becomes (boundary condition Eqs. 6-9 can be ignored)
2coD
Qo(xo)p' - q'Pq(x) - 2Qo(xo)
XO 3 Cos 00
q- Q (xo) - Q'(-Xo)
p' = P (xo) - P (-xo)
p = P(xo) - P,(-xo)
q = Q,(xo) - Q,(-xo)
for a spherical monolayer, the flux Js..,.Y,, is simply
-Dco
JSmonoe =2Qo(xo) (16)
where
QO = IIn (I )2 (I1-x)'
The Legendre functions, P, and Q, appearing in Eqs. 14
and 15 must be evaluated numerically. For small values of
,y2r2, perturbation expansions around v = 0 can be used, as
in Tachiya and Sano (3). For larger values of 'y2r2, we
calculate P,(xo), P (xo), Q,(xo) and Q'(xo) by direct
integration of Legendre's equation with the correct boun-
dary conditions at x = 0, as given in Abramowitz and
Stegun (13). For large values of y2r2, v becomes a complex
number of the form v = 1/2 + ir, and the relevant
functions are the conical functions. For extremely large
values of 'y2r2, asymptotic expressions for these functions,
which can be found in Lebedev (15), were used.
Diffusion on a Monolayer with a
Penetrable Barrier
The second model we consider for epithelial cells consists of
diffusion on a monolayer separated into two halves by a
penetrable barrier. The barrier can be modeled as either a
potential energy barrier or as a region where the diffusing
molecules have a much smaller diffusion coefficient, which
slows their crossing. The two cases have similar mathemat-
ical formulations. Restricting ourselves to the planar case
initially, diffusion in the presence of a potential can be
described with the Smoluchowski diffusion equation,
(17)ac a2c a a,34(x)-=D 2+ D- ,,-1
where the potential energy of a particle at point x is +(x)
and fi = 1IKBT (1 1). For the case in which the diffusion
coefficient varies in space, the relevant equation is
ac a= aD(x)d]
ait aix alx] (18)
The calculation of the steady state flux, corresponding to
that presented in previous sections, for Eqs. 17 and 18, was
one of the classical contributions of Kramers (12). With
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the boundary conditions
c=co at x= -l
c=0 at x= +I
the steady state flux corresponding to Eq. 17 is
JPBAR = Dco [ f'eix) dx
(19)
(20)
where we have assumed the potential vanishes sufficiently
rapidly away from the origin. The flux corresponding (12)
to Eq. 18 is
JPDV = CO |f' D(x) dx I-' (21)
To use these expressions we must assume a specific model
for the tight junction. For the barrier case, the simplest
reasonable model is to consider a strip near x = 0, from -e
to +e where the potential +(x) is a positive constant. The
flux is then given by
JPBAR = Dco [21 + 2E (e" - 1)]'. (22)
For the variable diffusion coefficient case, the corre-
sponding model would be a strip near x = 0 where the
diffusion coefficient D' is smaller than D. The resulting
flux is
JPDV = Dco[2l+ 2c(--)] (23)
The Eqs. 22 and 23 are identical in form with the
identification
n (D (24)
and hence there is no operational difference between the
two expressions in measurement of the steady state rate.
There is no difficulty in formulating this problem for a
spherical surface of radius r. The appropriate diffusion
equation is
a ( X2) [ac + C d(x) = 0, (25)aix Lax dix
where x = cosO. The associated boundary conditions are a
uniform source at the lower polar cap c(-xo) = co and a
sink at the upper polar cap c(+xo) = 0. For the case of
variable diffusion coefficient D = D(x) and no potential
one obtains the steady state flux JDV by direct integration
JSDV =DCO | xJdx D (1-x )2) * (26)
The limiting case of uniform diffusion coefficient yields
JSDV =-DcO [2 Qo(xo)]-', (27)
where the function Qo(x) is defined (13) by
QO(X) = I In I + x)
The special case where a small strip of width 2E astride the
equator has diffusion coefficient D' yields the flux
JSDV= Dco 2QO(xo) + 2QO(e) - ij} (28)
For the case of diffusion on a spherical surface in a
potential +(x) that acts as a barrier one finds
JSBAR = Dco exp [#k(xo)]
|| dxexp [#O(x)](1-x2)- (29)
The special case, where a small strip of width E at the
equator has a nonzero constant potential, X, yields the
result
JESBAR = Dco {2Qo(xo) + 2QO(E) [e# - 111-1. (30)
The results, Eqs. 26 and 29, and related results pre-
sented by Sano and Tachiya (3) for the steady state rate on
a spherical surface are most easily obtained by direct
integration of the diffusion equation, Eq. 25, which is
described by Deutch (14). They are a straightforward
generalization of the result of Kramers (12) and Debye
(1 1) for diffusional systems where the dynamics occur in
the radial direction. Note that for the spherical systems
with a thin strip, the forms of the flux JDV and JBAR are the
same.
RESULTS
In discussing our results we define y2r2 = (2X/D) r2 as the
dimensionless parameter proportional to the flip-flop rate,
X, and the inverse of the diffusion coefficient, 1/D. (We
assume that the length in the planar model is equal to the
radius r of the spherical model I = r = 1 ,um.). We define
JPmonolayer as the total flux for a planar monolayer; JSmmonlayerg
the total flux for a spherical monolayer; Jpo, the total flux
for a planar bilayer; Jso, the total flux for a spherical
bilayer; JPl, the total flux for a planar bilayer with an
impenetrable obstacle; Jsl, the total flux for a spherical
bilayer with an impenetrable obstacle; JBPAR, the total flux
for a planar bilayer with a penetrable barrier.
In Figs. 2 and 3 we plot the ratio (/POmoPnolayar) and
(Jso/Jsmonolayer) as a function of the log of y2r2. These curves
show that for a bilayer without obstacle or barrier in the
outer membrane, rapid flip-flopping will double the total
rate by causing the two sides of the membrane to act like
two parallel monolayers. These plots also suggest that
there is a small difference between the behavior of the flux
on planar and spherical surfaces: the results for the planar
surface rise more sharply to the final value as a function of
2 2
'y r.
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FIGURE 2 The log of the ratio of the total bilayer flux to the monolayer
flux log (Jpo/Jp,o,Oaaye) is plotted vs. the log of (2X/D) r2 y2 r2 for a
planar surface, where r - I um.
When there is an impenetrable obstacle in the outer
membrane, flip-flopping must occur for the lipid probe to
traverse the cell from apical to basolateral surfaces. Since
diffusion is also taking place the rate of the slowest step will
dominate. This behavior is shown in Figs. 4 or 5 where we
plot the ratios (Jp/Jpo) and (JsI/Jso) as a function of '2r2.
Both curves are linear for very small -2r2 where the process
is controlled by the rate of flip-flopping between inner and
outer membrane. For '2r2 >> 1, the rate of flip-flopping is
so fast that the flux is independent of y2r2; the probes
readily bypass the obstacle. In the transition region,
y2r2 _ 1, the time scales of the processes are comparable.
The curves for the planar and spherical models (Figs. 4 and
5) are again almost identical.
A monolayer with a penetrable barrier displays similar
behavior. In Fig. 6 we plot the ratio (PBAR/JPmondayer) as a
function of potential energy barrier height, 4, for a planar
surface. We do not plot the corresponding result for a
spherical surface because the curves differ only by factors
independent of the barrier height. This last point can be
seen by comparing Eqs. 22 and 23 and with Eqs. 30 and 28,
respectively, if c/1 in Eqs. 22 and 23 is replaced by
Qo(E)/Qo(xo), then the same curve will be generated. This
curve (Fig. 6) is very similar in shape to the flip-flop cases
(Figs. 4 and 5).
In Fig. 7 we have plotted the total rate (Jpl/co) as a
function of the flip-flop rate, X, for two diffusion coeffi-
cients. The chosen diffusion coefficients are approximately
-4 -3 -2 -I U z 3
log r2 r2
4 5
FIGURE 3 The log of the ratio of the total bilayer flux to the monolayer
flux log (Jso/Js is plotted vs. the log of (2X/D) r2 72 r2, for a
spherical surface where r I gm, xo cos 00 0.95.
FIGURE 4 The log of the ratio of the total flux with an obstacle to the
total flux in the absence of an obstacle log (Jpl/Jpo) is plotted vs. the log of
(2A/D) r2 y2 r2 for a planar surface where r m.
equal to the largest and smallest diffusion coefficients
measured by Dragsten et al. (4) and differ by an order of
magnitude. As can be seen from Fig. 7, the total rates for
the two different diffusion coefficients never differ by more
than an order of magnitude. In fact for X < 10-2 s-', the
two curves corresponding to the different D's essentially
coincide. It is only for X> 102 s-' that the two curves differ
by close to an order of magnitude. The experimentally
observed variations in flux between two probes with diffu-
sion coefficients differing by a factor of three can only be
explained, according to the model, if the flip-flop rates, X,
of the two probes are very different, at least by two orders
of magnitude.
DISCUSSION
Given the experimental diffusion coefficients, the rates of
flip-flopping between inner and outer membrane leaflets
could be estimated theoretically if the rate of appearance
of the lipid probe on the opposite side of the junction were
measured. Dragsten et al. (4) observed only whether the
log 72 r2
FIGURE 5 The log of the ratio of the total flux with an obstacle to the
total flux in the absence of an obstacle log (Js,/Jso) is plotted vs. the log
of (2A/D) r2 Y2 r2 for a spherical surface where r - um and xo
cos00 = 0.95.
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FIGURE 6 The log of the ratio of the flux with a barrier to the flux on a
simple monolayer log (JpBAR/Jp .,,) is plotted vs. the potential energy
barrier height, zp, for the planar surface where E/f = 0.01.
probe could move through the region of the tight junction
to the side of the cell not labeled initially on the time scale
of their experiment; no rates were explicitly reported. Our
steady state calculation of the flux is a good estimate for
this qualitative result. For a time-dependent experiment
one generally expects a steady state approximation to give
a good value for the rate of appearance of lipid probe at the
sink at intermediate times of the experiment. From Fig. 3 c
of Dragsten et al. (4) we observe that the time scale for
appearance of AFC12 is hours; therefore the rate of appear-
ance of the probe will be 10-4 to IO-3 s'-. From Fig. 7 we
see that for the typical diffusion constants this rate can also
be used as an estimate for the flip-flop rate. The absence of
AFC16 on the opposite side suggests that its flip-flop rate is
much smaller. From our calculation however, we see that
this rate could just as well be the rate of crossing a
penetrable barrier formed in the outer monolayer.
Note that the diffusion coefficient reported by Dragsten
et al. (4) should be interpreted as an effective diffusion
coefficient since the lipid probe can flip-flop to the inner
membrane as well as diffuse in the outer membrane. When
the probe can flip-flop between inner and outer leaflet of
the membrane, the apparent diffusion coefficient will
log X
FIGURE 7 The log of the total rate for the planar surface log (Jpl/Co) is
plotted vs. the log of the flip-flop rate, X, for two different diffusion
coefficients: D = 10-8 cm2/s and D -10-9 cm2/s.
include contributions from probes that have flip-flopped to
the inner leaflet, diffused, and then flip-flopped again to
reappear in the outer leaflet. Figs. 2 and 3 show that for
fast flip-flopping, i.e., large X, the bilayer can act like two
parallel monolayers and hence show a greater apparent
diffusion coefficient.
This could be why Dragsten et al. (4) claim that the
probes that were able to bypass the tight junction had
diffusion coefficients between two to three times larger
than those that could not. This does not change our
conclusions in any way. Whether the two lipid probes have
identical diffusion coefficients or diffusion coefficients
differing by a factor of two or three, we find that the
flip-flop rates must differ by at least an order of magnitude
for the fluxes to differ by one order of magnitude in the
linear regime of X < 102 s-'. Our rough estimate of the
rates seems to indicate that this is in fact the experimental
regime. If X > 10-2 s-', the rates are independent of the
flip-flop rates X and will depend on how different the D's
are.
In our results we found that the curves for the planar and
spherical models were very similar in shape. This is true for
the flip-flop models with an impenetrable barrier (Figs. 4
and 5) as well as for the penetrable barrier case (Fig. 6).
This fact is very encouraging for future calculations of
more sophisticated models, because it suggests that the
simpler calculation on a planar surface gives as accurate
qualitative results as does a much more tedious calculation
on a spherical surface. It makes it possible to extend this
work to cases where the protein-lipid concentration is
different in the two halves of the cell and the distribution of
the probe is not identical in both sides of the cell.
We find that two different models for the tight junction:
(a) a penetrable barrier embedded in a monolayer, and (b)
an impenetrable obstacle in the outer membrane of a
bilayer that must be bypassed by flip-flopping between
inner and outer membranes, give results for the flux that
are very similar. If the flip-flop rate is an activated process
X = Ae'1s/KT, then it would be difficult to distinguish
between the two models on the basis of the temperature
dependence of the total flux.
APPENDIX A
In this Appendix we sketch the solution equation (Eq. 14) as obtained for
the system equation (Eq. 12):
DV2 cl
-((cl -c2) = 0
DV2 C2 + X(cA -C2) = 0, (Al)
where
rsinOO\si 90/
a= + for Oo<0<ir/2
a=- for ir- 0 > 0 >Tr/2.
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Add the two equation in Eq. Al
DV2 (c' + c2) = 0. (A2)
The solution of Eq. A2 is
c? + c2 =faPo + daQo, (A3)
which is substituted back into Eq. A1
2X X
~~~~~~ ~~(A4)
D DpD2IlAc + A [f*Po + dcQo] == ° (A4)
Define 2 = 2X/D and A - (X/D) (f" Po + daQo), then Eq. A4 becomes
V2 c
_
2 c-l + A = 0. With the substitution c - C? +A/Iy2, Eq. A4
becomes
V2C - y2Ca = 0 (A5)
with the following solution
C? = aa P. (x) + b Q,(x), (A6)
so that
A
cl = aaP,(x) + baQ,(x) + 7
A
c2 =f'Po + daQo- aaP,(x) - baQ,(x) - -. (A7)
For 0o < 0 < ir/2
c,+ = a+P,(x) + b+Q,(x) + /2 [f+Po + d+Qo]
c2 = a+P,(x) - b+Q,(x) + /2 [f+Po + d+Qo]. (A8)
For ar - 0 > 0 > ir/2
cl- = a-P,(x) + b-Q,(x) + /2 [f-Po + d-Qo]
c2- = - a-P,(x) - b-Q(x) + /2 [f-Po + d-Qo]. (A9)
When we apply the eight boundary conditions (Eqs. 2-9) where I is
replaced by cos0O = xO and x = cosO, we obtain the following set of eight
equations with eight unknowns (a+, b+,f+, d+, a-, b-,f-, d-)
1
co=a-P,(-Xo) + b-Q,(-xo) + [f- + d- Qo(-Xo)] (A10)
O = a+P,(xo) + b+Q,(xo) + f[f+ d+ Qo (Xo)] (A11)2
O =-a+ P' (xO) - b+ Q1, (xO) + d+ Q° (Xo) (A12)2
0=-a- P (-xo) -b-Q;(-xo) + - d Q'o (-xo) (A13)
1 dO=a+ P'(O) + b+ Q'(0) + Id+ (A14)v V ~~~2
10=a- P (0) + b- Q (0) + d-d (A15)v v
~~~2
-a+ P,(O) - b+Q,(O)
1 1- P()-b-Qv() + f (A6)+ -f+ = -a- ',(0) - b-Q, (0) - - 16
-a+ P (O) - b+ Q' (O)
~~~~~~~~~11
+ d+ -aP' (0) -b-Q (0) + I d-, (A17)2 2
where P0 = 1, primes denote differentiation with respect to x, and
Qo(x) - 1/2 In [(1 + x)/(l - x)] so that 0(0) - I and Qo(0) = 0. This
system of equations is solved and
0c2is,= D ax = da. (A18)os~~ x X-0
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